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Introduction

This report discusses the properties of periodic array of strips to enhance the
radiation pattern of printed antennas. This periodic array of strips is used as
a Frequency Selective Surface FSS and is placed on top of a printed antenna
in order to generate a couple of T E/T M leaky wave modes.
Dielectric superlayers on top of printed antennas are already known to
enhance the radiation properties of the antennas [1]. Figure 1a. shows a
dielectric superlayer located above an aperture antenna. The separation
between the ground plane and the dielectric superlayer is a cavity of heigth
h1 and permitivity r1 = 1. The dielectric superlayer thickness is λg /4, where
λg is wavelength inside of the dielectric. The propagation constant of the full
structure is complex. Its imaginary part represents the atenuation per length
unit of wave that propagates along of the dielectric. The magnitude of real
part represents the phase constant. Figure 1b. shows a FSS located above
an aperture antenna. The separation between the ground plane and the FSS
is a cavity of heigth hF SS .

Figure 1: a. Dielectric Slab (r2 ,h2 ) at a distance h1 above the ground plane.
b. FSS at a distance hF SS above the ground plane.
In this work we want to design FSS structures that could achieve the same
radation enhancement properties at broadside than the dielectric superlayers.
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Moreover we would like to study also the impact of the FSS on the T M0 mode.
The T M0 mode produces in the radiation pattern the appearance of an
unwanted lobe at large radiation angles, thus it is desirable to eliminate or
mitigate it to have an antenna radiation pattern that depends only on the
main T E/T M modes (i.e. the ones radiating towards broadside)[2]. In order
to obtain the same performance at broadside than a dielectric superlayer,
we are going to impose an equivalence between the FSS and the dielectric
superlayer. The equivalence will ensure that the main T E and T M modes
have the same propagation constant in both cases.
First of all, we will derive the dispersion equation for these two cases.
After we will impose the equality of the propagation constant. From the
real and imaginary part of the propagation constant we will derive the cavity
heigth hF SS and the reactance x of the FSS.
Finally, we will validate the study with an antenna designed and simulated
with CST MS.
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Dispersion Equation

The structure shown in the Figure 1a. can be represented as a transmision
line as it is shown in Figure 2a.
From the denominator of Yin we can obtain the dispersion equation of the
structure (both the dielectric superlayer and the FSS) [1]. The dispersion
equation is the following:
D(kp ) = ZL + jZ1 tan(kz1 h1 ) = 0

(1)

The dispersion equation has different type of solutions: T E and T M .
These can be obtained from the T E and T M impedances: Zi = η1 ki /kzi and
Zi = η1 kzi /ki with i = 0, 1, 2... respectively.
The analytical approximations of the leaky wave propagation constant is
presented in [1] where the approximate solution for the dispersion equation
is:
kz1 =

π
jZL
+
h1 Z1 h1
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(2)

Figure 2: The transmission line representation for the structures shown in
Figure 1a and 1b respectively.
We will find the propagation constant for the dielectric superlayer first. In
Figure 3, we show the equivalent load impedance for a structure with a single
dielectric superlayer. Zl is approximated with a frequency independent value,
assuming that the leaky waves are propagating towards broadside (kp = 0)
and supossing h2 = λd2 /4 in the complete bandwidth of investigation. These
assumptions are only taken to compute an approximate analytical solution
of the disperstion equation. This solution will then be used to obtain the
equivalence with the FSS case.

Figure 3: Equivalent circuit model for Superlayer with one layer
As an example we have solved the dispersion equation analytically and
approximately for: f0 = 10Ghz, r2 = 7.84, r1 = 1, h1 = λd1 /2, h2 = λd2 /4
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√
with λdi = λ0 / ri . The results are shown in the Figure 4 and 5 (Case TE
and TM).

Figure 4: Approximate and numerical solutions of the TE dispersion equation
for the structure of Figure 1a.
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Figure 5: Approximate and numerical solutions of the TM dispersion equation for the structure of Figure 1a.
From figure 5, we can see that it appears two T M modes, one radiating
closed to broadside and the other one (T M0 ) radiating towards 74.45o and
it is approximatly independent of the frequency. This is the mode that we
would like to suppress. One way to do that is suppressing this mode directly
from the feed antenna [2]. The other way that we would like to study here
is directly by altering its propagation constant with the FSS.

2.1

Dielectric superlayer - FSS Equivalence

We want to find an equivalent structure which could replace the dielectric
layer by an FSS that provides the same propagation constant at normal
incidence.
First of all, we need to find an equivalent load impedance Zl similar to the
one we defined with the dielectric superlayer. This one is shown in Figure 6.
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Figure 6: Equivalent circuit model for FSS with one layer
Since Z0 represent the free space impedance and Z = jx because the
impedance of a FSS is purely imaginary. Because the impedance of the FSS
is reactive, the load impedance Zl of the system is complex.
Zl =

jxζ0
jζ 2 x + ζ0 x2
= 02
ζ0 + jx
ζ0 + x2

(3)

So the propagation constant is defined as [1]:
F SS
KZ1

If ZF SS =

ζ
√o
r1

jζ0 x2 − ζo2 x
=
(
+ π)
hF SS ZF SS (ζo2 + x2 )
1

(4)

and r1 = 1
F SS
KZ1
=

1
hF SS

(

(jx2 − ζo x)
+ π)
(ζo2 + x2 )

(5)

In the dielectric superlayer case, the approximate dispersion equation is
defined as:
DIE
KZ1
=

If Z1 =

jζ0
π
+
r2 Z1 h1 h1

(6)

1 j
(
+ π)
h1 r2

(7)

ζ
√0
r1
DIE
KZ1
=

F SS
DIE
If we said that k = hFhSS
and also assume that KZ1
= KZ1
1
√
r1 (jx2 − ζ0 x)
j
+ π = k(
+ π)
2
2
ζ0 + x
r2
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(8)

√

√
r1 x2
r1 ζo x
k
j 2
+ kπ
− 2
+π =j
2
2
ζ0 + x
ζ0 + x
r2

(9)

Separating the real and imaginary parts of the previous equation, we have
a two equations system:
√
r1 r2 x2
k= 2
(10)
ζ0 + x2
√
r1 ζ0 x
(11)
k =1−
π(ζ02 + x2 )
From 10 and 11, we obtain:
q

xi,c = ζ0 (−1 ±

1 + 4π 2 r1 (r2 − 1)
2πr1 (r2 − 1)

hF SS = h1

r1 r2 x2
ζ02 + r1 x2

)

(12)
(13)

Where the subscript i, c of x represents the inductive or capacitive solutions of the FSS reactance and hF SS represents the height that the FSS must
have in order to be equivalent to the dielectric structure.

2.2

FSS Reactance

In order to design the FSS with the proper reactance, we need to use a
synthesis method. It would be convenient to have an analytical expression
of the reactance in order to calculate the solution of the dispersion equation
numerically. For this purpose, we will use one simple type of FSS, which is
called planar regular arrays of strips [4]. This structure is composed by an
array of strips that have a period d and width w << λ0 . This structure is
considered infinite in x direction and periodic in y direction. It is shown in
Figure 7.
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Figure 7: Geometrical parameters of the FSS
Depending on the angle and the polarization of the incident wave, the
solution will be T M or T E.
This structure has been study by Marcuvitz[3] and Tetraikov[4]. One
method for the synthesis of this type of structures is described by Tetriakov
[3]. It is based on the Floquet mode analysis in periodical waveguides. Particularly he finds that the grid parameter α determines the grid properties
for grids which are formed of planar conducting strips of negligible width w.
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∞
1
2π
k0 d 
1 X
1 
log
(q
)
α=
+
−
πw
π
sin( 2d ) 2 n=−∞ (2πn + ky d)2 − (k 2 − kx 2 )d2 |n|
0

(14)
Where w represents the width of strip and d is the periodicity of the array.
This series converges very quickly and it is easy to calculate (i.e. n ≤ ±3).
Markuvits also made a similar study where the series is trunkated in the
second term [3].
The FSS equivalent impedance can be easily calculated from this grid
parameter using the following expression:
η
η
Zg = j α(1 − sin2 θcos2 φ) = j α(1 − kx2 /k02 )
(15)
2
2
Figure 8 shows the reactance variation as a function of the angle θ for
an array with d = 7.5mm y w = 1.144mm. It shows the Tetraikov theorical
model in blue and the CST simulation in red. When kx /k = 0 (normal
incidence), x is equal to 135.6 Ohms. For φ = 0o , the solutions is shown in
solid line and represents the T M case, whereas for φ = 90o the solution is
T E and it is shown as dashed line. We can see the the reactance decreases
as the angle θ increases for the T M case and remains constant for the T E
case.
From the CST simulation of the periodic cell shown in Figure 9, we can
compute the value of the FSS reactance xi using the following expression:
xCST
=
i

Im(Γ)
η
2
2 Re(Γ) + Imag(Γ)2

(16)

Where η represent the free space impedance, in the T M case η = η0 cos(θ)
η0
and in the T E case η = cos(θ)
with η0 = 120π and Γ is the T E/T M reflection
coefficient calculated at the FSS plane.
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Figure 8: FSS reactance as a function of the incident angle θ for φ = 0o in
solid line for the T M case and φ = 90o in dashed line for the T E case

Figure 9: Unit cell of the strip array simulated in CST indicating the TM
and TE planes

2.3

Analytical solution of the dispersion equation

If we suppose a dielectric structure, with r1 = 1, r2 = 7.84, h1 = 15mm,
f = 10GHz we can calculate the equivalent FSS using the equations (12)
and (13):
1. For the Inductive case: xi = 135.64 Ohm
hi = 13.479mm = 0.8986h1
11

2. For the capacitive case:
xc = −153.19 Ohm
hc = 16.65mm = 1.111h1
Figure 10 and 11 show the approximate solutions of the T E and T M dispersion equations, respectively. For the FSS case, we have assumed that the
value of the reactance xi,c is constant for all frequencies.

Figure 10: Approximate solutions of the T E dispersion equation for the FSS
and dielectric equivalent structures.
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Figure 11: Approximate solutions of the T M dispersion equation for the FSS
and dielectric equivalent structures.
In the next figures (Fig 12 and 13), we show the analytical solution of the
dispersion equation, considering only the inductive reactance xi , calculated
with equation (15) for the T M and T E cases.

13

Figure 12: Numerical solutions of the T E dispersion equations for the equivalent FSS and dielectric structures.

Figure 13: Numerical solutions of the T M dispersion equations for the equivalent FSS and dielectric structures.
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It is important to note as a conclusion of this study that the FSS structure
does not present a T M0 mode with Re|kp | < 1, indicating that is not radiating
in the visible range.
In the following table the solutions of the disperison equation (kr /k0 ) are
summarized for the central frequency. From the table, we can conclude that
the main modes are similar, being the FSS solution a bit more directive,
whereas we can see a significant difference on the T M0 mode.
kr /k0

FSS

Dielectric

TE

0.1804 − j0.1777

0.2083 − j0.1905

TM

0.1898 − j0.1823

0.1945 − j0.2044

T M0

1 − j1.51−10

0.9665 − j0.03885

Table 1: Comparison of the propagation constants obtained for the equivalent
FSS and dielectric geometries.
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Single Antenna Design

In order to validate the previous theoretical analysis, we are going to study
the impact of the leaky wave modes on their radiation pattern and input
impedance of a waveguide antenna. Figure 14 and 15 show the antenna
geometry for the dielectric and FSS cases, respectively
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Figure 14: Dielectric superlayer plus waveguide antenna on CST, λ0 =
30mm, λg = 21.4286mm, r = 7.84, r1 = 1, h1 = 15mm, f = 10GHz.

Figure 15: FSS plus waveguide antenna on CST, λ0 = 30mm, r1 = 1,
hF SS = 13.479mm, f = 10GHz.
In the following figures (16-18) we show the simulated radiation patterns
at the central frequency for both cases: the FSS and the dielectric superlayer.
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Figure 16: Farfield in dB for the dielectric superlayer and FSS on top of a
waveguide antenna simulated in CST, E-plane

Figure 17: Farfield in dB for the dielectric superlayer and FSS on top of a
waveguide antenna simulated in CST, D-plane
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Figure 18: Farfield in dB for the dielectric superlayer and FSS on top of a
waveguide antenna simulated in CST, H-plane
As we can see in the E-plane radiation pattern associated to the TM
modes, there is a secondary lobe at approximatly 70o in the dielectric model
(red curve) as a consequence of the T M0 mode. However, this secondary lobe
does not show in the FSS case. The radiation pattern for FSS model has a
similar directivity enhancement as in the antenna with dielectric superlayer.
The FSS model is more directive than dielectric model because there is not
a T M0 mode radiating in the visible range and the main T E/T M modes
have a smaller phase and attenuation constant than the dielectric leaky wave
modes.
Figure 19 shows the reflection coeficient for the two antennas considered
here, FSS and dielectric superlayer estructures. We can observe that the S11
matching is worse for the FSS cases. In [5] it was demonstrated that the input
impedance of an antenna in presence of a leaky wave cavity is directly related
to the value of the leaky wave propagation constant. Therefore we have a
worse matching because that the FSS leaky wave modes present smaller phase
and attenuation constant than the dielectric case.
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Figure 19: Reflection coeficient S11 for the two antenna geometries
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Future Work

In this work we have studied the properties of a FSS enhanced antenna in
comparison with a dielectric superlayer enhanced antenna. We have derived
an equivalence between the two structures based on the dispertion equation
at broadside and we have shown that the FSS alters the propagation constant
of the T M0 mode. In future work, we will study the capacitive solution of the
equivalence implemented with slot based FSS, and we will further validate
the study with other types of antennas and antenna arrays.
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